It is well known that multiple superconducting charge qubits coupled to a transmission line resonator can be controlled to achieve quantum logic gates between two arbitrary qubits. We propose a scheme to realize a quantum conditional phase gate with a geometric property by circuit electrodynamics, and it is applied naturally to realize the quantum Fourier transform with high fidelity. It is also demonstrated that the application is feasible and considerable under the present experimental technology. The superposition of physical states leads to entanglement, which possesses many unimaginable characteristics that do not have counterparts in classical physics.
The superposition of physical states leads to entanglement, which possesses many unimaginable characteristics that do not have counterparts in classical physics.
One of the novel applications is quantum computers, which provide exponential or quadratic speedup for certain computational tasks by using quantum parallelism and the interference effect, such as factoring large numbers [1] and searching databases. [2] In quantum algorithms, the quantum Fourier transform (QFT), [3] which is completed by the one-bit unitary gates and two-bit quantum phase gates, plays an important role and lies at the heart of the quantum algorithm. However, QFT is not suitable for classical signal and information processing because the result of QFT is a superposition of states, not some digital numbers. [4] In contrast, the quantum discrete Fourier transform algorithm (QDFT) can solve the problem. [1, 4] At present, many physical schemes to realize QFT have been proposed based on different systems, such as cavity quantum electrodynamics systems, [5, 6] nuclear magnetic resonance systems [7] and quantum dots. [8] Recently, superconducting circuits have made considerable progress as a promising candidate for physical implementation of quantum computation: long coherence times, [9, 10] single-qubit gates [11, 12] and twoqubit operations with low error-rates, [13−17] and highfidelity qubit measurement. [18−20] One efficient approach combining these achievements to easy integration is the quantum bus architecture, [21−24] which uses a transmission line cavity to couple, control and measure the embedded superconducting qubits. In the strong-dispersive regime [25] of circuit quantum electrodynamics (cQED), by controlling individual qubits and the transmission line, single-qubit operations and the tomography of two-qubit states can be obtained. Using this method, a recent experiment [26] has demonstrated two-qubit Grover and DeutschJozsa algorithms. [27] Moreover, the present experimental technology is able to achieve efficient multiqubit manipulations [28] in cQED. However, few reports on QFT have been presented for cQED systems. In this Letter we propose a feasible scheme to realize a two-qubit conditional phase gate and complete QFT by the gates in a circuit QED system. The scheme proposed relies on the passage of a series of suitably chosen charge qubits through a sequence of external driving fields and the transmission line. We can obtain single-qubit gates and a two-qubit conditional gate with unconventional geometric features. Thus our method can heavily suppress the decoherence and error rates in experiments.
The quantum Fourier transform on an orthogonal basis |0⟩, · · · , | − 1⟩ is defined to be a linear operator with the following action on the basis states, [1] 
We take = 2 , where is the number of qubits, and the basis |0⟩, · · · , |2 − 1⟩ is the computational basis for an qubit quantum computer. It is helpful to write the state | ⟩ using the binary represen-
, and is defined similarly with . It is also convenient to adopt the notation 0. +1 · · · to represent the binary fraction 
The product representation makes it easy to derive an efficient circuit (shown in Fig. 1 ) for the quantum Fourier transform. The gate denotes the unitary transformation
The system consists of superconducting charge qubits strongly coupled to a transmission line resonator. Near its resonance frequency , the transmission line resonator can be modeled as a simple harmonic oscillator composed of the parallel combination of an inductor and a capacitor . Introducing the annihilation (creation) operator † ( ), the resonator can then be described by [21] Schematic circuit for QFT. [1] Here ( = 1, 2, · · · , ) are inputs and are outputs. ( = 2, 3, · · · , ) are a series of phase transformations and is the Hadamard transformation. The black dots represent the control bits.
In the two-state approximation, the Hamiltonian of the th qubit takes the form
is the electrostatic energy, = 2 /2 Σ is the charging energy with Σ the total box capacitance, = /2 is the dimensionless gate charge with the gate capacitance and the gate voltage; = cos( Φ /Φ 0 ) with being the Josephson coupling energy, Φ the externally applied flux and Φ 0 the flux quanta.
Multiple superconducting charge qubits can be fabricated in the space between the center conductor and the ground planes of the resonator, and located at antinodes of the voltage where the coupling to the resonator is maximized for all qubits, as shown in Fig. 2 (here we draw the three qubits as an example in the schematic illustration). This coupling is capacitive and determined by the gate voltage = dc + , which contains both the dc contribution dc and a quantum part = 0 rms
Rotating to the basis formed by the qubit eigenstates, the Hamiltonian takes the form When working at the charge degeneracy point dc = 1/2, Hamiltonian (6) reduces to
Using the rotating-wave approximation (RWA), neglecting fast oscillating terms the above Hamiltonian takes the usual Jaynes-Cummings form [21] 
(8) External driving of the resonator can be described by the Hamiltonian
where ( ) is the amplitude and the frequency of the th external drive. Throughout this study, subscript will be used to distinguish the different drives and the drive-dependent parameters.
It is convenient to displace the field operators using the time-dependent displacement operator
Under this transformation, the field goes to + where is a c-number representing the classical part of the field. Denoting the total Hamiltonian as = + + + , the displaced Hamiltonian reads
To eliminate the direct drive on the resonator, i.e., = 0, we choose˙= + ( ) 
The above description of the system can be changed to a reference frame rotating with the driving field frequency ,
where ∆ = ( − ) and Ω = 2 Δ . For the sake of simplicity, we set ∆ = 0 which means that the frequency of the driving field is equal to the Josephson coupling energy, and then we define
In order to manipulate the system, we can control the interaction between the charge qubits and the transmission line resonator. On the one hand, to manipulate the single-qubit, we adjust an arbitrary one qubit coupled with the resonator. Using the transformation = exp[ Δ ( † − + + )], the Hamiltonian (in Eq. (14)) is rewritten as [22] 
where = ∆ + with =
in the rotating frame (as ⟨ † ⟩ ≃ 0). Thus the single qubit can be manipulated fully by controlling the parameters.
On the other hand, to implement two-qubit operation, we choose two arbitrary qubits simultaneously coupled with the resonator. In the strong driving regime Ω ≫ , ∆ , the system can realize an RWA and in the interaction picture the effective Hamiltonian is
To take into account that we are working in this dispersive regime ∆ ≫ , which can be obtained by controlling the frequency of the driving field much less than the frequency of the transmission line. Eliminating the direct qubit-resonator coupling, the effective interaction between arbitrary two-qubits is achieved
(17) Under the basis {|+⟩, |−⟩} (in this study, all manipulations are taken on the basis), the time evolutions of two qubit states can be given by
where = 8 2 Δ . Intriguingly, following the method outlined in Ref. [29] , we can rigorously prove that the phase factor is actually an unconventional geometric phase and therefore the achieved operators would have high fidelity based on built-in fault-tolerant geometric features, [30−32] due to the fact that unconventional geometric phases depend only on some global geometric property. Thus the method to implement QFT can be heavily suppress the decoherence from the environment noise and errors of operations.
Therefore, adding two single-qubit operations
a conditional phase shift is produced if and only if both qubits are in the state |−⟩:
where ( ) represents the control (target) qubit. The C-phase consists of one two-qubit operation and two one-qubit rotations, which requires time as
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Based on the single-qubit operations and two-qubit C-phase gates, QFT can be realized in the circuit QED as follows: firstly the qubits are randomly prepared in the basis states {|+⟩, |−⟩}; then the Hadamard transformation on th qubit followed by a series of C-phase operations with qubits + 1, + 2, · · · , serve as control qubits and the th qubit as the target qubit. For example, to implement an operation in our computational basis {±}, we can tune Ω = − in Eq. (15) with the interaction time = √ 2 4Ω . These C-phase operations taken on the th qubit should be − times:
− ), where − + 1 ≥ 2 and ( ) is obtained as Eq. (19) . Repeating the above process on each target qubit, the multi-qubit QFT with high fidelity can be obtained due to the geometric features.
In experiment, [22] the frequency of the transmission line resonator can be chosen as /2 = 5 GHz, the coupling strength of qubits to the resonator /2 = 17 MHz, the detuning of the resonator from the drive is ∆ = 68 MHz, and the amplitude of the drive is = 500 MHz, so the Rabi frequency is Ω = 250 MHz. According to these experimental parameters, the time needed for implementing a C-phase shift on the neighboring qubits is 2 ( 2 ) ≃ 8.4 ns. To estimate the time for implementing QFT, we can take the three-qubit case as an example. The necessary operations consist of three single-qubit Hadamard gates (each gate time is about ≃ 0.4 ns) and three Cphase shifts with different phases, which take a total time of about 3 ≃ 22.2 ns. Apparently, the time needed increases as the number of qubits increases, such as 4 ≃ 37.3 ns for four qubits and 5 ≃ 51.3 ns for five qubits. It is obvious that even 5 is well within the relaxation and dephasing times of charge qubits 1 = 1.3 µs and * 2 = 1.2 µs. [26] However, the number of qubits is heavily limited by the fidelity of operations in the present experiment.
In summary, we have presented a feasible scheme to realize a two-qubit conditional phase gate and complete QFT by the gates in cQED. Using the external driving field in the dispersive regime, multiple charge qubits, coupled to a transmission line resonator, can be controlled to achieve C-phase gates between two arbitrary qubits, which are naturally used to implement QFT. In the present experimental technology, the QFT may be realized on several qubits in such a setup. Moreover, the model with unconventional geometric features can heavily suppress the decoherence from the environment noise and errors of operations, and the method may illuminate any experimental progress in quantum algorithms and quantum information processing tasks.
